Abstract. We investigate the cosmological dynamics of a class of supersymmetric chameleon models coupled to cold dark matter fermions. The model includes a cosmological constant in the form of a Fayet-Illiopoulos term, which emerges at late times due to the coupling of the chameleon to two charged scalars. Supergravity corrections ensure that the supersymmetric chameleons are efficiently screened in all astrophysical objects of interest, however this does not preclude the enhancement of gravity on linear cosmological scales. We solve the modified equations for the growth of cold dark matter density perturbations in closed form in the matter era. Using this, we go on to derive the modified linear power spectrum which is characterised by two scales, the horizon size at matter-radiation equality and at the redshift when the chameleon reaches the minimum of its effective potential. We analyse the deviations from the ΛCDM predictions in the linear regime. We find that there is generically a region in the model's parameter space where the model's background cosmology coincides with that of the ΛCDM model. Furthermore, we find that characteristic deviations from ΛCDM are present on the matter power spectrum providing a clear signature of supersymmetric chameleons.
Introduction
The recent discovery of the acceleration of the expansion of the universe [1, 2] has raised some perplexing conundrums in cosmology. If the acceleration is due to a cosmological constant then why is its value so small compared to the predictions coming from particle physics? If the cosmological constant is absent, which still requires some mechanism to screen the contributions to the vacuum energy coming from the electroweak phase transition, then what is source or dark energy driving the expansion? One of the simplest alternatives is quintessence, a scalar field decoupled from matter slowly rolling down its potential such that its effective pressure is negative. This scenario comes with its own draw-backs: one must fine-tune the model parameters so that the acceleration begins around the current epoch and the complete decoupling from matter is unnatural. One generically needs a light scalar with mass of order H 0 to account for dark energy and so any coupling to matter results in a new, long ranged fifth-force which would violate solar-system tests of gravity. This issue is not unique to quintessence, any model of dynamical dark energy introduces at least one new degree of freedom, however general relativity (GR) and a cosmological constant is the unique (up to Planck suppressed higher order curvature invariants) theory of a massless spin-2 particle [3] and so these dark energy theories are, in some sense, equivalent to modified theories of gravity. This has prompted a recent interest in the subject [4] , however the problem of fifth-forces remains.
One way of avoiding this problem is to note that all of our current tests of GR have been carried out in our local neighbourhood and so there is nothing precluding large fifth-forces that are active over long ranges provided that there is some sort of screening mechanism whereby the modifications are screened out locally. Such a mechanism was found in the form of the chameleon mechanism [5, 6] and since then similar mechanisms such as the symmetron mechanism [7] , the environmentally-dependent Damour-Polyakov effect [8] have emerged, as has a second, independent mechanism, the Vainshtein mechanism [9] , which is present in Galileon models [10] and massive gravity [11] . In this work we will focus exclusively on the chameleon mechanism, which are a sub-class of scalar-tensor theories.
Chameleon theories have been well studied (see [12, 13] for some reviews), both in the context of observational signatures and their cosmological behaviour, however there has been little progress towards any sort of UV completion. Ultimately, one would like to realise these models within fundamental physics like string theory and a supersymmetric extension of these theories would be the first step towards this goal. In fact, [14] 1 have used the KKLT mechanism [17] to find a chameleon coming from type IIB string theory compactifications at the cost of using the opposite sign in the gaugino condensation superpotential from the canonical one, which may act to decompactify the extra dimensions rather than screen fifth-forces [18] . By examining supergravity breaking in a hidden sector, which can result in a direct coupling between the dark and observable sectors, the authors of [19, 20] have studied the chameleon mechanism which can emerge and have found a no-go theorem [21] : the scale of supersymmetry breaking is so large that it renders any effects from the matter coupling negligible. This effect may be avoided if one considers only global supersymmetry where the dark and observable sectors are secluded.
Scalar-tensor theories are IR modifications of GR and so such a bottom-up approach is sensible. In a recent letter [22] we have presented a general framework for embedding scalar-tensor screening mechanisms into global supersymmetry and have derived some model-independent features that arise when such theories are supersymmetrised. Within this framework, the super-chameleon couples only to cold dark matter (CDM) so that the observable and dark sectors only interact weakly via the breaking sector. This allows us to circumvent problems arising from hierarchies between the electroweak and dark energy scales. One can also introduce a matter sector, which could be in the form of the MSSM or one of its extensions. When this sector is secluded from the dark energy sector, the coupling induced by supergravity effects becomes universal and generically negligible.
With the exception of those arising from no-scale Kähler potentials, supersymmetric models with a screening mechanism are always so efficiently screened that no astrophysical signatures (such as the constraints of [23] [24] [25] [26] [27] [28] ) are present. Supersymmetry is always broken at finite densities, however, the seclusion of the dark and observable sectors ensures that the scale of this breaking is set by the ambient density and the model parameters and is generally well below the TeV scale associated with supersymmetric particle physics.
The large mass of supersymmetric chameleons is also associated with an equally large coupling to CDM and a low coupling to baryons. The strong Yukawa suppression of the super-chameleonic force in astrophysical situations can be circumvented at the level of linear structure formation. Indeed when large scales are involved, the large coupling to CDM particles partially compensates the Yukawa suppression of the super-chameleonic force and leads to a finite modification of Newton's constant which acts as a source for the growth rate of matter perturbations. In particular, we show that, for scales having entered the horizon before matter-radiation equality, the linear power spectrum is enhanced compared to the ΛCDM prediction in k 2 where k is the wave-number of the large scale perturbations. On shorter scales, where non-linear effects are present and large over densities formtypically on cluster scales and below -the super-chameleon effect becomes efficient and the Yukawa suppression becomes so important that deviations from ΛCDM are expected to disappear.
In this work we will generalise the supersymmetron to an extended class of supersymmetric chameleon theories using this framework and investigate their cosmological dynamics. After intro-ducing the general models in section 2 and the supersymmetric models in section 3.1 we will study their cosmology in section 4. These models have locally run-away scalar potentials which terminate at a supersymmetric minimum. Like all chameleons [29] , these models require a cosmological constant in order to account for the present day acceleration and this is particularly difficult to include in supersymmetry. Supersymmetry is broken when the vacuum energy is positive and we cannot add a cosmological constant at the level of the action. The contribution from supergravity breaking is of order M 2 pl m 2 3/2 (m 3/2 is the gravitino mass), which is far too high and must be fine-tuned away. In the letter [22] , we addressed this problem by introducing a mechanism by which a coupling of the super-chameleon to two scalars charged under a local U(1) symmetry can act to drive the mass of one of the scalars to positive values at late-times, restoring the symmetry and leaving only a FayetIlliopoulos (FI) term, which acts as a cosmological constant. We assume that the old cosmological constant problem in the observable and hidden sectors is resolved and fix the value of this FI term so that this cosmological constant matches the observed present-day dark energy density. Unlike scalar vacuum expectation values (VEVs), FI terms run at most logarithmically and so do not suffer from matter-loop corrections. Therefore, whilst this choice is completely arbitrary within our globally supersymmetric framework, if one can find some natural reason for this small value in a more UV complete theory then it will remain at the same order of magnitude, even at low energy scales. In section 4.2 we apply this mechanism. We indeed find a cosmological constant at late times, however at early times there are corrections to the effective potential which compete with the coupling to matter and act to negate the super-chameleon dynamics. We search the model parameter space for regions where the cosmological constant indeed appears at late time. We find that such regions are ubiquitous. Going beyond the background cosmology level we proceed to study the linear perturbations of Cold Dark Matter. We solve the modified equation for the time-evolution of the density contrast in closed form in the matter era using modified Bessel functions. This allows us to calculate the CDM power spectrum analytically and investigate the new features due to modified gravity. In particular, when the field converges to its supersymmetric minimum sometime between matter-radiation equality and the present epoch there are three separate regimes where the spectrum exhibits different scale dependencies rather than two. We then show how the deviations from ΛCDM are characteristic in this model, with a k-dependent increase of power in the linear regime due to a k-dependent modification of Newton's constant.
Chameleon Gravity
The chameleon screening mechanism may arise from the following action,
which describes a scalar field coupled non-minimally to cold dark matter χ i via the Weyl rescaled metricg µν = A 2 (φ)g µν ; A(φ) is known as the coupling function. In general, one may wish to couple the field to the visible matter as well and we shall discuss this later. As it stands, the action 2.1 describes the theory in what is known as the Einstein frame, where the Ricci scalar is found using the Einstein frame metric g µν but the non-minimal coupling results in dark matter particles following geodesics ofg µν , the Jordan frame metric, so that observers in the Einstein frame infer the presence of a fifth-force
where ϕ is the canonically normalised field dϕ = κ(φ) dφ. The coupling function is generally taken to be of the form A(φ) = 1 + O(φ/M ) + . . . with φ M so that perturbations in both frames do not differ too greatly. A second consequence of the non-minimal coupling is the emergence of an effective potential for φ. The equations of motion are
where T is the trace of the energy-momentum tensor for dark matter (T µν = −2/ √ −gδS c /δg µν ). In fact, T µν is not covariantly conserved in this frame since the dark matter fluid can exchange energy with the scalar; it is the Jordan frame energy-momentum tensor which is conserved∇ µT µν = 0. The trace of the energy-momentum tensor is equal to the density ρ for pressureless fluids, however since this is not conserved, it is more convenient to work with the non-relativistically conserved quantity ρ c defined by ρ = A(φ)ρ c , which obeys the standard continuity equation. In the remainder of this work we shall treat ρ c as the conserved matter density, in which case the equation of motion 2.3 defines an effective potential
The chameleon mechanism [5, 6] arises from potentials such as these when V (ϕ) takes on a run-away form and A(ϕ) is monotonically increasing such that V eff (ϕ) has a density-dependent minimum. When large, over-dense objects such as galaxies or stars are embedded into large, low-density backgrounds (for example, the cosmological vacuum) the field will try to minimise its effective potential, the minimum of which lies at different field values inside and outside the object. Chameleons have the property that the effective mass of small oscillations about the minimum
is an increasing function of the ambient density. In over-densities of length scale R one typically has m eff R 1 so that the force is very short ranged and is therefore negligible. If the object is large enough that the field can reach this minimum then the force is negligible and the object is screened, if not the mass of the field is a small perturbation about the background and the object is said to be unscreened. For a more thorough review of chameleon screening see [6, 23, 26, 27, 30, 31] . This model has the scalar coupled to CDM particles only and so it is only necessary to screen the modifications of gravity in regions of high CDM density, laboratory [32, 33] and astrophysical tests [24, 26, 27] do no apply and any field variations will not manifest in the solar-system due to a lack of any interaction with visible matter. For this reason, any screening mechanism should be able to screen in regions of CDM of density ρ c > 10 6 ρ 0 ∼ 10 −6 eV 4 , corresponding to the CDM density in the lightest dark matter haloes so that current cluster abundance tests [34] are satisfied 2 .
Supersymmetric Chameleon Gravity
In a recent letter [22] , we have introduced a general framework for embedding screened modified gravity into supersymmetry and have presented a class of supersymmetric chameleons with a locally run-away potential terminating in a supersymmetric minimum at large field values. We refer the reader there for the specific details; here we shall only specialise to the class of super-chameleon models we are concerned with.
Supersymmetric Chameleons
The Kähler potential for Φ is non-canonical, which is a requirement for it to give rise to a run-away potential, whilst the dark matter fields have a canonical normalisation
The self-interacting part of the superpotential is
where Φ = φ + √ 2θψ + . . . contains a scalar φ whose modulus ultimately plays the role of the superchameleon and Φ ± = φ ± + √ 2θψ ± + . . . are chiral superfields containing dark matter fermions ψ ± . Splitting the super-chameleon field as φ(x) = |φ|e iθ and identifying φ ≡ |φ| from hereon, one can minimise the angular field (this is done explicitly in appendix B where a coupling to two U(1) charged scalars, which we will introduce later, is also examined) and define the new quantities
to find the F-term potential
The parameters Λ i appearing in the Kähler potential and superpotential are scales associated with non-renormalisable operators and one would expect them to be large, however, we can see that the scales governing the low-energy dynamics are M and Λ. We will explore their values in detail when discussing the parameter space in section 4.2. In practice, it is easier to work with other low-energy parameters, which will be introduced later, and their relation to these parameters is given in appendix C. The index n should be even and one would expect γ and α to be small (but not 1) given their presence as indices in the superpotential and so we will often consider the case n = 2 when the need to elucidate specific calculations arises. The scale Λ 3 drops out of the dynamics when δ = 1, which may make fine-tuning of the dark matter mass necessary. For this reason, we will always consider δ ≥ 2. When φ φ min equation 3.4 reduces to the Ratra-Peebles potential
which has been well studied in the context of dark energy [35] (although one should be aware that we have not yet canonically normalised our field). At larger field values the potential has a minimum at φ = φ min where V (φ min ) = 0 and dW/ dΦ = 0. Supersymmetry is therefore broken whenever φ = φ min . The coupling function is found by considering the part of the superpotential containing the interactions of Φ and Φ ±
which gives a super-chameleon dependent mass to the dark matter fermions
When the dark matter condenses to a finite density ρ c = m ψ + ψ − this term provides a densitydependent contribution to the scalar potential resulting in the scalar-tensor effective potential V eff = V + ρ c (A − 1). With the above choice of superpotential, the coupling function is
As it stands, the field φ is not canonically normalised since the kinetic term in the Lagrangian reads
The normalised field is
so that the coupling function 3.8 becomes
and the effective potential is 12) which is shown in figure 1 . We may then find the coupling β(ϕ): 
The effective potential 3.12 is the effective low-energy potential for a scalar-tensor theory described in section 2 with the scalar coupled to dark matter via the coupling function A(ϕ). Minimising the effective potential we have
where
z ∞ is an important model parameter; it is the redshift at which the field settles into its supersymmetric minimum. It turns out (as we shall see later) that this redshift controls the large scale behaviour of the modified linear CDM power spectrum, whose features change very rapidly for modes which enter the horizon after this redshift. At zero density the field sits at the supersymmetric minimum ϕ = ϕ min where its mass is
When ρ c > ∼ ρ ∞ the field minimum is moved to smaller values by the matter coupling term and supersymmetry is broken. This is what was found in the general case studied in [22] . Supersymmetry is therefore broken locally in our model depending on the ambient density and ρ ∞ . The scale of this breaking is then set by the cold dark matter density and the model parameters, however this is generally far lower than the TeV scale associated with particle physics in the observable sector. This is one advantage of decoupling the dark and observable sectors, the dark sector does not suffer from an unnatural hierarchy of scales set by standard model particles decoupling in the visible sector. Away from the supersymmetric minimum, the field's mass is
(3.17) Clearly m eff (ϕ) > m ∞ when ϕ < ϕ min and so these models are indeed chameleons with a mass at the minimum of the effective potential which depends on the matter density.
Supergravity Corrections and Screening
The correction to the potential coming from supergravity breaking is [22] 
which competes with the density dependent term in the effective potential (3.12). Since we focus on the branch of the potential where φ ≤ φ min , this term can always be neglected provided that it is far less than the density dependent term when φ has converged to its supersymmetric minimum. This requires that the supergravity corrections are negligible at densities around ρ ∞ so that
The denominator is proportional to the supergravity contribution to the vacuum energy, which is typically very large and is usually fine-tuned away whereas the numerator is proportional to the vacuum energy when the supersymmetric minimum is reached (see below), which we expect to be well below this. This condition tells us that the supersymmetric minimum must be well below the Planck scale and is simply the statement that the matter coupling and fifth-force is a low-energy, IR phenomena. It will be useful to express this condition in the alternative form 20) from which it is immediately evident that ϕ min M pl even when the gravitino mass is as low as the gauge mediated supersymmetry breaking value of 1 eV. Using (3.15) equation (3.19) can be recast as a condition on the normalised field's mass at the supersymmetric minimum
The field's mass is at least as large as the gravitino mass. In our previous work [22] we have found that once supergravity corrections are accounted for, supersymmetric models such as these screen so efficiently that no astrophysical objects can be unscreened. In particular, one can show that the self-screening parameter
where m 3/2 is the gravitino mass which can vary from O(eV) in gauge mediated supersymmetry breaking to O(TeV) in gravity mediated scenarios. When χ 0 is less than the surface Newtonian potential, Φ N , the object will be screened. However, no object in the universe has Φ N < 10
thereby precluding any astrophysical fifth-forces.
Coupling to baryons
In the super-chameleon models that we are considering, the easiest way of introducing baryons or any matter particle is to introduce a secluded sector defined by its Kähler potential K M and its superpotential W M . This is a third sector on top of the dark sector and the supersymmetry breaking one. Assuming no direct interaction between the super-chameleon and matter, we have
and
The mass of the canonically normalised matter fermions becomes super-chameleon dependent
ψ is the mass in the absence of super-chameleons. This leads to the coupling function in the matter sector
for the canonically normalised super-chameleon and the coupling to matter
which is the coupling of a dilaton to matter. As φ ≤ φ min at the minimum of the effective potential cosmologically, the largest coupling is small as long as ϕ min M Pl which is guaranteed when the supergravity corrections to the scalar potential are negligible as we have seen in the previous section.
The coupling to baryons implies that the potential receives a matter dependent correction, to leading order,
where ρ b is the baryon density. This changes the mass of the super-chameleon by
which is always negligible compared to the large mass of the super-chameleon, which we have seen must be at least as large as the gravitino mass. Hence baryons are coupled with a very low coupling to the super-chameleon and their effect on the super-chameleon dynamics is negligible. Only CDM particles have a coupling β(ϕ) = O(
1. Hence we have found that super-chameleons are essentially only coupled to CDM particles and not to baryons. The only situations where the coupling to CDM particles is relevant are astrophysical, on the formation of large scale structure where the Yukawa suppression of the super-chameleon force can be partially compensated by the large coupling to CDM.
Cosmology
In this section we will examine the cosmology of these models with the aim of accounting for dark energy. We will ultimately find that a cosmological constant is required in order to match both the present day equation of state w and the energy density in dark energy.
Background Cosmology
Solving (3.14) for the minimum in the limit of both large and small dark matter density we have
We can now find the contribution to the vacuum energy density
and the mass of the field using (3.17)
Finally, one can find the equation of state for the field w ϕ . In uncoupled quintessence models this is simply P ϕ /ρ ϕ = −1 when the field is at its minimum. However, in scalar-tensor theories the coupling of the field to matter results in a non-conservation of the density, and so instead one has w ϕ ≈ −V /V eff [37] so that
In order to match this with current observations we would like w ϕ ≈ −1 and clearly this can be achieved by taking the limits ρ c ρ ∞ , δ n and imposing the condition
This corresponds to the case where z ∞ < 0 and the supersymmetric minimum has not been reached by the current epoch. Both n and δ appear as indices (or a combination of indices) in a superpotential and so we would expect them to be of similar order; taking δ n is then tantamount to neglecting many lower order operators in the superpotential, making the model appear somewhat contrived. When these conditions are not met, a cosmological constant is required in order to account for the present-day dark energy observations. Unlike most models however, it is not so simple to add a cosmological constant by hand within a supersymmetric framework. Global supersymmetry is broken if V = 0 and so the addition of a cosmological constant to the system is non-trivial. One method is to appeal to supergravity breaking, which adds a cosmological constant of the order M 2 pl m 2 3/2 ρ 0 and so one must somehow fine-tune to great extent in order to arrive at the small value observed today. In this work, we shall take a different approach. If we assume that the cosmological constant problem in the matter and observable sectors is solved then we can dynamically generate a cosmological constant at late times in the form of a Fayet-Illiopoulos term provided that there exists a coupling between the chameleon and two U(1) charged scalars. Unfortunately, this does not remove the need for some degree of fine-tuning, since the value of the Fayet-Illiopoulos constant must be set by hand in this framework, however, this method has the advantage that this constant receives no quantum corrections from decoupling particles and so if one can find a more UV complete theory where its value is set in terms of other constants then this value would be preserved at low energy scales. The study of globally supersymmetric chameleons is aimed as a first step towards realising them within a more UV complete theory and a lot of insight can be gained by studying this mechanism.
A Late-Time Cosmological Constant
An effective cosmological constant can be implemented by introducing two new scalars Π ± = π ± + . . . with charges ±q under a local U(1) gauge symmetry. These have the canonical Kähler potential
where X is the U(1) vector multiplet containing the gauge field and couple to the super-chameleon via the superpotential
This construction gives rise to a new structure for the F-term potential as well as a D-term potential for the fields π ± :
where we have included a Fayet-Illiopoulos term ξ 2 which will later play the role of the cosmological constant. The new scalar potential is far more complicated with the addition of these new fields but when π − = 0 it reduces to our original effective potential for the super-chameleon (3.12) plus an effective potential for π + : 9) where in this expression we have set π + = |π + | and will continue to do so from hereon. In appendix B we minimise the entire global F-and D-term potentials with respect to the angular fields coming from π ± and show that π − = 0 is indeed a stable minimum of the system. The mass of the charged scalar π + (or equivalently twice the coefficient of the quadratic term in (4.9)) is m
At early times the super-chameleon is small ( φ min ) and this mass is negative. The U (1) symmetry is therefore broken ( π + = 0). However, as the cosmological field evolves towards its minimum this mass slowly increases until it reaches zero, restoring the symmetry so that π + = 0. We would therefore expect π + = 0 in the late-time universe leaving us with the FI term, which plays the role of a cosmological constant. Indeed, minimising (4.9) with respect to π + one finds and φ = ∆ is equivalent to the statement m π+ = 0. When π + = 0 equation (4.9) reduces to V (π + ) = ξ 2 /2 and so we shall set ξ ∼ 10 −3 eV in order to match the present-day energy density in dark energy. There is no natural choice for this parameter within our globally supersymmetric framework and so this value is completely arbitrary. It is worth noting however that FI terms are largely robust to quantum corrections; when supersymmetry is unbroken they do not run and when this is not the case they run logarithmically at most [38] . Therefore, if one could find a natural mechanism by which a small FI term is present in a more UV complete theory, for example a suitable combination of two or more large mass scales, then its value at lower energy scales will remain at the same magnitude 5 ; the same is not true of scalar VEVs, which receive large corrections from heavy particle loops.
The Model Parameter Space
Given the above mechanism, it is prudent to examine the model parameter space to determine the viable regions where a cosmological constant can appear Firstly, when π + = 0 (i.e. at early times) there are corrections to the super-chameleon potential which can act to alter its cosmological dynamics. Secondly, we must ensure that the cosmological constant has the correct properties to reproduce current observations. We require the cosmological constant to appear before the present epoch and a necessary condition for this is
This is an additional constraint that must be imposed on the model parameters. Furthermore, if our model is to produce the correct imprint on the CMB then the cosmological constant must be generated before last scattering. We shall do this by imposing that the cosmological density ρ ∆ (given in (C.4)) at which the U(1) symmetry is restored is greater than 1 eV 4 .
Corrections to the Scalar Potential
At late times (defined by the time at which φ = ∆) we have a FI cosmological constant, but at earlier times the non-zero VEV of π + induces corrections to the effective potential for φ:
These corrections compete with the density-dependent term coming from the dark matter coupling and therefore act to negate the chameleon mechanism. When they are important, they lead to a new, density-independent minimum and since the magnitude of the density dependent term decreases as the dark matter redshifts away it is possible to have a scenario where the field gets stuck at the new minimum and the cosmological constant is never generated. At first glance, one may be concerned that the correction proportional to −φ 4 results in a potential that is unbounded from below, but this form of the potential is deceptive. If one were to consider allowing the field to run away down this potential then at some point we would be in a situation where φ > ∆ and these corrections are no longer present; what looks like an unbounded potential is in fact a hill in the global potential.
There are several possible scenarios involving these corrections, which either allow or preclude the generation of a cosmological constant depending on the model parameters. If the corrections are negligible compared to the density dependent term throughout the entire time that φ < ∆ then they are never important to the model dynamics and vanish once φ > ∆. If, on the other hand, the corrections are important before they vanish then their dynamics must be included. However, if φ can still pass ∆ then a cosmological constant can still be generated since the corrections vanish after ∆ is passed. If the only important correction is the quadratic one then a minimum always develops and therefore the cosmological constant will only be generated if the field value at this minimum is larger than ∆. If either the quartic correction or both corrections simultaneously are important then the potential may or may not develop a minimum. If no minimum develops then the field will eventually pass ∆ since the potential takes on a (locally) run-away form. If a minimum does develop then we again require the field value at this minimum be larger than ∆ in order to generate a viable cosmology. The exact details of how one can determine which scenario is applicable to a certain choice of parameters and whether or not the dynamics are affected to the extent that the model is not viable are given in full detail in appendix C. Below we shall only present the resulting parameter space once every possible scenario is taken into account.
Low-Energy Parameters
In order to classify the parameter space into viable regions we will need to derive certain conditions on combinations of the model parameters and so it is important to know which parameters are fixed in terms of certain combinations of the others. It will be sufficient to examine the position of the minima and the values of φ relative to ∆ and at no point will we need to use the dynamics of ϕ. For this reason, we will work exclusively with the field φ and not its canonically normalised counterpart since this avoids unnecessary powers of γ. We have already seen in section 3.1 that three of the underlying parameters Λ i (i = 0, 1, 2) combine to form two derived parameters M and Λ. What are observable however are the low-energy parameters n, δ, γ, x, µ, z ∞ , g , which are either combinations of M and Λ or indices that appear in the low-energy effective potentials (3.8) and (4.9); µ is a combination of the underlying parameter Λ 3 and the dark matter mass m. It will prove useful to introduce the parameter
A static analysis therefore probes the six dimensional parameter space n, δ, x, µ, z ∞ , G and leaves γ unspecified.
In what follows, we will be interested in regions of parameter space where the background cosmology is viable and the parameters themselves assume sensible values. In order to decide exactly what is meant by "sensible" it is instructive to pause and think about their physical significance. n and δ are indices (or are combinations of indices) that appear in a superpotential and so these should naturally have values close to 1 as argued in section 4.1. g = √ qG is a U(1) coupling constant that appears in the coupling of the charged fields to φ and so we would expect values of O(10 −2 − 10 −3 ) so that the theory is not strongly coupled. Values much smaller than this would be tantamount to finetuning. Similarly, x parametrises the ratio of the vacuum energy density to the matter density when the field has converged to its supersymmetric minimum. The energy density due to the field today is (see equation (4.2)) V eff (φ min ) = xρ c , which must be less than ξ 4 so that the dominant contribution to dark energy comes from the cosmological constant and so we require x < ∼ O(1). Naïvely, one might argue that x should be small since it also parametrises the coupling to matter (see equations (3.11) and (3.13)) and so directly controls the enhanced gravitational force. However, we have already seen that supergravity corrections ensure that all astrophysical fifth-force effects are screened and so this argument does not apply. . When δ = 1 this is simply the dark matter mass and thus varying µ is tantamount to fine-tuning the dark matter mass so that we get an acceptable cosmology. When δ = 1 however we are free to fix the dark matter mass and what we are really varying is Λ 3 . In this sense we are not fine-tuning when we vary µ but are in fact scanning the space of viable cosmologies as a function of Λ 3 . For this reason, we shall always fix δ = 1. Now the dark matter mass can be any where from O(eV) to O(TeV) depending on the model and Λ 3 appears as a mass scale in the underlying supersymmetric theory and so we would naturally expect it to be large (at least compared to the scales involved in the low-energy dynamics). Hence, in what follows we will treat anywhere in the region O(eV) < ∼ µ < ∼ O(M pl ) as sensible.
Constraints on the Parameter Space
Given the above considerations and the procedure for dealing with corrections to the effective potential in appendix C we are now in a position to explore the parameter space at the background level.
We have performed a thorough investigation into the exact effects of varying each of the six parameters on the cosmology and can find a large region where the parameters are indeed sensible and the background cosmology is viable. It is difficult to gain any insight from the equations since they are all heavily interdependent in a complicated fashion and a large number of plots can be misleading since they can change very abruptly when a single parameter is varied by a small amount. For these reasons, here we shall simply describe the effect of varying some of the more constrained and less interesting parameters and present only a few two-dimensional cross-sections once these have been fixed at sensible values.
Let us begin with the indices. n 6 and δ have very similar effects: if their value is increased whilst fixing the other five parameters then the region of parameter space where the corrections can be neglected will increase. Being indices, these should not stray too far from O(1) and so their effects are far less pronounced than the other parameters, some of which may vary over many orders of magnitude. Hence, from hereon we will fix n = δ = 2. In figure 2 we plot the z ∞ -log(x) plane with µ = 10 3 TeV and G = 10 −2 corresponding to what we have argued above are sensible values. For the sake of brevity we will set z ∞ = 5 from hereon. This choice is completely arbitrary and different choices may give rise to very different cross-sections of parameter space, however, the region where the corrections are negligible is both ubiquitous and generically large when z ∞ > ∼ 0 and so it is not necessary to scan this parameter in great detail in order to narrow down a viable region.
Next, we plot the log(µ)-log(x) plane with n = δ = 2 and G = 10 −2 in figure 3 to investigate the effects of varying µ on the viable region. It is evident from the figure that large ( > ∼ O(TeV)) values of µ are required for there to be a large region with negligible corrections; in fact, if one steadily increases µ one finds that this region grows, replacing the regions where the corrections are important. This behaviour is traced back to equations (C.4) and (C.7) in appendix C where it is shown that M 4+n ∝ µ n and therefore the density at which the corrections disappear increases slightly faster with µ than the densities at which the corrections become important. Finally, now that we have some idea of the viable values of z ∞ and µ we plot the log(G)-log(x) plane with n = δ = 2 and µ = 10 3 TeV in figure 4 in order to investigate the values of G where the corrections are negligible. One can see that when G > ∼ O(1) the corrections are generally negligible, which is a result of (C.4) in appendix C, which show that the density at which the corrections disappear generally grows faster with G than the density at which they become important. The density at which the corrections are important both include an explicit factor of x −1 which is absent from the density at which the corrections disappear (there are other factors of x coming from the scale M though these vary with a far smaller power). This is the reason that the region where the corrections are negligible is larger when x is closer to 1. The plot clearly shows that there is a large region around G ≈ 10 −2 , which we have argued above is a sensible range where there is no excessive fine-tuning or strong U(1) coupling. With the parameters we have chosen this only exists when x > ∼ 10 −10 , however this does not really constrain x. If one were to increase either n, δ, z ∞ or µ this region would extend further in the direction of decreasing x. Thus, we have found that when the model parameters assume sensible values there is a large region of parameter space where the corrections to the effective potential are negligible before they vanish and an FI cosmological constant appears at late times. When the FI cosmological constant is generated, the background cosmology is indistinguishable from ΛCDM and so one must look at the The red region corresponds to models where a cosmological constant is generated after last scattering and are therefore excluded and the green region corresponds to models where φmin < ∆ and a cosmological constant is only generated at some time in the future. The grey region corresponds to parameters where the model deviates from ΛCDM at the level of linear perturbations.
growth of structure on linear scales in order to probe this theory. This will be examined in detail and here we show some of the results. The grey region in figures 2-4 correspond to parameters where the linear CDM power spectrum deviates from the GR prediction by up to 10% and can therefore be probed with upcoming experiments such as EUCLID [39] whilst the other regions will show a negligible deviation from GR. Parameters that give deviations already ruled out by WiggleZ [40] are not shown in the plots.
Corrections Negligible
Constrained by Linear Theory Quaratic Correction Important B o t h C o r r e c t i o n s I m p o r t a n t TeV. The yellow region shows the parameter range where the corrections are negligible. The magenta region shows the ranges where the quadratic correction is important and the dark blue region where both corrections are important. The red region corresponds to models where a cosmological constant is generated after last scattering and are therefore excluded and the green region corresponds to models where φmin < ∆ and a cosmological constant is only generated at some time in the future. The grey region corresponds to parameters where the model deviates from ΛCDM at the level of linear perturbations.
Linear Perturbations
These models are always efficiently screened on small scales, however this screening mechanism is inherently non-linear and so one must still worry about fifth-force effects on the growth of structure on linear scales. It is entirely possible that the linear power spectrum is modified greatly in these models and it is important to impose constraints on the parameters such that the results of linear perturbation theory do not differ too much from GR. The growth of linear perturbations in screened modified gravity has been well studied [30, 31, 41] and the linear density contrast δ c = δρ c /ρ c in the conformal Newtonian Gauge evolves on sub-horizon scales according tö
The large mass of the field ensures that the perturbation δϕ(t, x) for ϕ is given by [31] δϕ ≈ − β(ϕ)
which has been used to obtain the above equation. Physically, the last term in (5.1) corresponds to a scale dependent enhancement of Newton's constant:
On large scales the screening is effective and G eff ≈ G whilst on smaller scales the full enhancement,
2 ) is felt. One would therefore expect that there is some wavenumberk, which we will calculate presently, below which the modes feel no significant fifth-forces and the GR power spectrum is recovered. Given (3.21), we have am 3/2 2.5 × 10 28 a Mpc −1 and so on the scales of interest we are always in the limit k m ϕ a. In this limit we can linearise (5.1) to find
(5.4) Equation (5.4) will be our starting point in what follows. It has solutions that can be written in terms of modified Bessel functions (whose degree depends on the model parameters) and so we have provided a short introduction to these functions, including how equations of the form (5.4) can be transformed into the modified Bessel equation, in appendix A. The quantity δ c is gauge dependent and so is not a physical observable. Previous works have put constraints on their models by looking for the parameters where the final term in (5.4) is small and the GR result is recovered. In fact, it is the linear power spectrum that is the physical observable and so here we shall study the deviations from the ΛCDM predictions as a potentially observable probe of supersymmetric chameleons.
In the radiation era, we havë
where G eff (k) is defined in 5.3 above andρ c /(ρ c +ρ r ) ≈ (1 + z eq )/(1 + z). In GR, G eff = G and this final term is negligible compared to the time derivatives, which scale as H 2 , and can be neglected to give a logarithmic growth of the density contrast, δ c ∝ ln(t). With the inclusion of modified gravity, one has
where H 2 0 ∼ 10 −5 h 2 Mpc −1 . Now modes deep inside the horizon can have arbitrarily large values of k, however, we know that, in GR at least, modes with k > 0.1h Mpc −1 will be non-linear today even if they were not in the past so that we do not need to keep track of their evolution. In modified gravity, we expect this number to be smaller, however here we will use the GR value in order to be conservative. In this case, the largest mode which is linear today satisfies k/10 −5 h Mpc −1 ∼ 10 4 . Now z z eq ∼ 10 3 and the minimum value of (2n + 5δ)/(n + δ) is 2 so that the maximum deviation from GR satisfies
Unless x assumes unrealistically large values x ∼ O(1), which we shall see below gives large deviations from the CDM power spectrum today in tension with current observations, the final term in 5.5 is negligible and the modes evolve in an identical manner to GR. We can use the standard GR result and, for simplicity, will not use the full logarithmic form but will treat the modes as constant inside the radiation era 7 . Outside the horizon, both during the matter and radiation eras, we have G eff ≈ G since the modifications of GR are suppressed and so the perturbations do not evolve. We hence treat the modes as constant until the time of horizon re-entry. Finally, we shall treat the change from radiation to matter domination as a sharp transition. Whilst not strictly necessary, this allows us to compute the power spectrum in closed form and there are no subtleties associated with modified gravity in treating the full transition period. We make this approximation in the interest of discerning the new features introduced by supersymmetric chameleons as simply as possible.
On the scalar field side, we assume that the field settles into its supersymmetric minimum instantaneously at ρ c = ρ ∞ , thereby ignoring the short-lived transition period when equation (3.14) has no closed-form solution and any oscillations around the minimum. This was studied in a specific case in [30] , where it was found that the sharp settling is a very good approximation and so we do not expect the short-lived transition period to impact upon the power spectrum. Our power spectrum therefore exhibits unphysical sharp discontinuities at the scales which enter the horizon at matterradiation equality and (as we shall see momentarily) at z ∞ , which would be found to be smooth curves had we solved the full equations numerically. We will primarily be concerned with the power spectrum on large scales, since this is where the power spectrum is most unconstrained and so these unphysical features will play no part in our conclusions.
In what follows we shall consider two distinct cases. In the previous subsection we found that we can account for dark energy without a cosmological constant by imposing z ∞ < 0, ρ c ρ ∞ and δ n and so we shall first investigate this case. We then go on to investigate the general case z ∞ > ∼ 0 where it is assumed that the field reaches its supersymmetric minimum sometime around the current epoch i.e. z ∞ < ∼ 10 although our treatment will be valid for z ∞ ≤ z eq . In the following we focus on the power spectrum in the matter era. After the end of the matter era around a redshift z ∼ 1, the growth of structure is slowed down by the presence of dark energy. Hence deviations of the power spectrum from Λ-CDM are maximally dependent on the features of modified gravity when calculated at the end of the matter era. This can be extended to later times by numerical calculations which are left to future work. Here we shall only make sure that the deviations from GR are no larger than around 10% to comply with recent observations [40] . In the future, large scale surveys like EUCLID will test the linear at the percent level [39] putting more constraints on super-chameleon models. The results of these calculations have been used in figures 2-4 to indicate where exactly in the parameter space these deviations occur. , consistent with the current dark energy observations. Since this case is of particular interest to us we will enforce these conditions below and refer to them as the dark energy conditions. Assuming a matter dominated era we can use equations (3.13) and (3.17) in (5.4) to find
Following appendix A, the growing mode solution is
where 10) where the last equality for σ holds when we impose the conditions that the field to account for dark energy. This should be compared with the GR prediction δ c (t) = C GR (K)t n ; where n = − 1 6 + 1 2
where Ω 0 c ∼ 1 at the end of the matter era. For small x, we have I ν (x) ∼ x ν 1 + O(x 2 ) to leading order (see appendix A) and noting that 8ν = 6n + 1 we can see that these expressions agree for small k. Given the solution (5.9) we are now in a position to calculate the power spectrum. We start by noting that the time at which a given mode crosses the horizon (k = 2πaH) is 12) and assume that the modes are constant during the radiation era and outside the horizon in the matter era as discussed above. In this case, the contrast during the radiation era (and outside the horizon in the matter era) is given by the primordial fluctuations from inflation, δ I c . Modes that enter the horizon during the matter era, that is modes with k < k eq = 0.01h Mpc −1 , will begin evolving according to (5.9) and so we have the boundary condition δ c (t
, which allows us to find C MG (k) and hence the power spectrum
Modified Bessel functions diverge from their leading order GR behaviour very rapidly and so if the modified power spectrum is not to deviate from the GR prediction too greatly the arguments of both functions in (5.13) must be small enough such that the leading order behaviour is a good approximation, at least over the entire range of k where linear theory is valid. Since t 0 > t H this is equivalent to demanding σkt 0 1. When this is satisfied the power spectrum will show no deviations from GR and when this begins to break down we expect to see small deviations. One can verify using equation (A.5) in appendix A that the leading order dependence is k 4 , the same as predicted by GR. Alternatively, according to (5.3) we should recover the GR prediction whenever k m eff /β(ϕ). Using equations (3.13) and (3.17) one finds an equivalent condition up to an order unity coefficient.
One can then define the above-mentioned scale,k, below which no gravitational enhancement is felt:k 14) where the last equality holds when we impose the dark energy conditions. Since k ∼ H 0 corresponds to modes which enter the horizon today we expect deviations from GR on smaller scales. Unless δ 10 6 n, the linear CDM power spectrum differs from the GR one by several orders of magnitude. Since δ appears as an index in the superpotential such a large value seems highly unnatural. With this in mind, we will abandon this limit and proceed to study the general case where we allow n and δ to vary independently and ϕ to converge to its supersymmetric minimum at some point in the recent past.
z ∞ > 0
We start by noting that when z ∞ > 0 the final term in (5.4) will exhibit a different time dependence after the field has converged to its supersymmetric minimum, so we must keep track of modes that enter the horizon before and after this and match the time evolution appropriately. We therefore begin by solving (5.4) for the case where z < z ∞ so that ϕ ≈ ϕ min and m ϕ ≈ m ∞ . Assuming a matter dominated epoch and defining k ∞ = 2πa(t ∞ )H(t ∞ ) to be the mode which enters the horizon when z = z ∞ (t ∞ = t 0 (1 + z ∞ ) −3/2 ) we have
Following appendix A we can again write down the solution in terms of modified Bessel functions. Since the final term decreases with increasing t the growing mode is the modified Bessel function of the second kind:
argument to be small is not the correct limit. In fact, K ω [y] ∼ y −ω + O(y 2−ω ) (see appendix A) and so in this limit one may neglect the higher order terms. One can indeed check by expanding the functions according to (A.5) that this leading order behaviour coincides with the GR prediction. Figure 5 . The deviation from the ΛCDM power spectrum when a cosmological constant is present, with δ = n = 2, x = 5 × 10 −7 and z∞ = 5. In red we have represented the exact power spectrum deviation and in green its linearisation. Lower values of x give even less power spectrum deviation.
One can then go beyond leading order to find the predicted deviations from ΛCDM. Modified Bessel functions deviate from their leading order terms very rapidly and so one is interested in the case where the deviations are given by the next-to-leading order expansion. In this regime, the power spectrum 5.22 can be expanded (using the power series given in appendix A) and deviates from the ΛCDM case by ∆P (k), which is scale dependent:
(5.23) The factor F (ω) is given by
(5.24)
The case ω = 1 corresponds to Ω 0 c = 0.625, which is not physically relevant and so is not considered here. This factor arises as a result of different terms in the expansion of K ω [y] becoming sub-leading when ω assumes different values. The technical details are given in appendix A.
The deviation monotonically increases with k in the linear regime. On large scales entering the horizon after t ∞ , the growth of the deviation ∆P/P ΛCDM is in k 6 whereas for smaller scales entering the horizon before t ∞ , the discrepancy grows as k 2 . Of course, this result is only valid in the linear regime of perturbation theory. On smaller scales, typically k > ∼ 0.1hMpc −1 , non-linear effects become important and the screening mechanism is active. We therefore expect that the deviations from ΛCDM will be rapidly suppressed. As a result, we expect the full power spectrum to show deviations from ΛCDM in the linear regime only and none at all in the non-linear one. Of course the complete analysis of this phenomenon may require N-body simulations which are beyond the scope of the present paper.
The CDM power spectrum predicted by the super-chameleon is very different from its chameleonic counterpart as exemplified by f (R) models in the large curvature regime. Indeed, in this case linear scales are slightly outside the Compton wavelength of the scalar field whose range is around 1 Mpc. Deviations from ΛCDM are small until the quasi-linear regime for scales around 1 Mpc where the effects of the scalar peaks before being damped in the non-linear regime by the screening mechanism. Here, scales are always outside the Compton wavelength of the scalar field and a deviation from ΛCDM is only possible due to the large coupling to matter. This can be effective enough to lead to k dependent effects in the linear regime before being heavily Yukawa suppressed in the non-linear one. Hence we have found that super-chameleons leave a drastically different signature on large scale structure formation than the majority of previously studied models.
Conclusions
We have presented a class of globally supersymmetric chameleons coupled to dark matter fermions and have investigated their cosmological dynamics. Like all supersymmetric chameleons, except those arising from no-scale Kähler potentials, these models exhibit such efficient screening that there are no astrophysical signatures 8 . At small field values the scalar potential is locally run-away, however, at larger values this behaviour terminates at a supersymmetric minimum. The coupling to fermions results in a density dependent effective potential and at finite CDM densities the field is displaced from this minimum to smaller values, breaking supersymmetry. Since the dark sector is secluded from the matter sector the scale of this breaking depends only on the model parameters and the ambient density so the scalar field's VEV does not receive TEV-scale corrections coming from the observable sector. In order to address the issue of a cosmological constant, we have made use of a mechanism introduced in a previous letter [22] . A coupling of the super-chameleon to two scalars charged under a local U(1) symmetry results in a chameleon-dependent effective mass for one of the scalars. At early times this mass is negative, however as the cosmological super-chameleon evolves to larger values this steadily increases until it reaches zero, restoring the symmetry. When this happens, only a Fayet-Illiopoulos term remains in the scalar potential, which acts as a cosmological constant. If we assume that the old cosmological constant problem in the observable sector is solved and tune this FI term we can reproduce the small cosmological constant needed to match current observations. Our low-energy description does not include a natural value for this FI term, indeed it is arbitrary, however it is robust against quantum corrections and so if one could find a more UV complete model where there is a natural mechanism explaining this tuning then this value would survive to arbitrarily low energy scales.
The mass of the field is at least as large as the gravitino mass and so the density-dependent minimum of this effective potential is a stable attractor, which the cosmological field tracks from small values at early times to the supersymmetric minimum at late times. We have examined the growth of linear structures in these theories and, by solving the modified equation for the timeevolution of the density contrast in closed form, have derived the modified CDM power spectrum. Interestingly, this modified power spectrum exhibits three distinct scale variations rather than the two predicted by GR. Moreover, for a large choice of model parameter, the deviations of the power spectrum in the linear regime has a characteristic k 2 growth for scales entering the horizon before matter-radiation equality.
The efficient screening precludes all astrophysical signatures and the background cosmology is indistinguishable from ΛCDM but we have also found that small deviations of the power spectrum are present with characteristic features for a large part of the parameter space and therefore the models can be falsified with upcoming experiments. It would be useful to investigate this further in the quasi-linear to the non-linear regimes where the screening effects should play a fundamental role. This is left for future work and here we shall be content that we can find supersymmetric models of screened modified gravity with characteristic deviations from ΛCDM at the linear level. Its power series expansion for ν / ∈ Z is as follows:
(A.7)
A.2 Second Kind Power Series Expansions for the Power Spectra
In this section we briefly outline the steps that lead to the factor F (ω) given in 5.24 and appearing in the deviation from the ΛCDM spectra 5.23. The expansion of the first kind modified Bessel functions A.5 is a trivial exercise in algebra, however the second kind expansion A.7 requires more thought. The three leading terms are: 8) which correspond to the first two terms in the first sum in A.7 and the first term in the second sum.
The next-to-leading order correction to the leading order term (∝ x −ν ) depends on whether ν > 1 or the converse, which gives rise to the factor F (ω) in 5.23. When ν = 1 a different power series is needed, which we do not give here since it corresponds to an uninteresting scenario. When ν < 1, the final factor can be evaluated using the relation
. (A.9)
B Minimisation of the Global Potential
In this appendix we show how the global F-term scalar potential can be minimised to eliminate both the angular fields and π − to recover the simple form given in equation (3.4) . Ignoring the contribution from the Kähler potential for now (it depends on |φ| only) and setting φ ± = 0, which is always a minimum, we have: which, as can be seen, simplifies greatly when the negatively charged field has zero VEV. We shall see now that this VEV does indeed minimise the potential. We begin by writing the charged fields in polar form π ± ≡ π ± e iθ± . Ideally, one would hope to set the three angular fields {θ, θ ± } to constant values in order to give negative signs in from of the final three terms in (B.1) 9 , however this is not possible and instead one must eliminate them in terms of the other fields. In order to do this, we exploit the local U(1) symmetry, which acts as θ ± (x) → ±qα(x), to set θ + (x) = θ − (x) = χ(x)/2, which reduces the angular fields to the set {θ, χ}. With this in mind, the scalar potential, including the contribution from the Kähler potential is which must be solved numerically for the minimum given a specific set of parameters and for the same reasons given in section C.3, we will impose φ min > ∆. If this has no solutions then the potential is runaway near ρ c = 1 eV 4 and the field will be able to pass ∆. When solutions exist the parameters where the minimum occurs at field values larger than ∆ are viable and those where the converse is true are not.
